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1. Non-associative algebras

Notation. Let (V,u) be an algebra over a field K. We denote by A, its
associator

Ap(x1 @0 @ 23) = p(p(ry ® 22) @ x3) — pu(ery @ u(xro @ x3)).

The group algebra K[X3] is provided with a structure of right >3-module
by

>3 x K[x3] — K[Xj]

(0,51 aio;) — o (X8 ai0) =380 a0 ooy,

K(O(w)) = Span{O(v)} is an invariant space of K[X3]

Theorem. Any invariant subspace of K[X3] under the action of X3 is a
> 3-module of rank 1.
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Consequence. Every invariant subspace of K[> 3] determines a symmetric
non-associative relation

A,u O CDfU — O,
where
Py (21 @2 @ 23) = T,-1(1) ® Tp-1(2)  Ty-1(3)

and v = 22'6:1 a;o; 1S the generator of the corresponding 2.3-module.
1. v=1d, (V,u) is associative.
2. vy, = Yges,e(0)o, (V,p) is Lie-admissible.

3. wyy, =Y sex,0, (V,u) is 3-power associative.

Let us note that the invariant space associated with vy, and wy, are
the only irreducible invariant spaces of dimension 1.
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4. v=2Id+ 110+ 113+ ™3+ ¢, (V,u) is alternative.

5. If G is a subgroup of 23, we consider the vectors

vg = Y e(o)o, wg= ) o

ceG cecG

(a) If G =< 112 >, vg gives Pre-Lie Algebras, wg gives left alternative
algebras.

(b) If G =< 13 >, vg gives Vinberg Algebras, wg gives right alternative
algebras.

(c) If G =< (123) >, vg = wg gives flexible Lie-admissible algebras.
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2. Poisson algebras as Non-Associative algebras

Poisson algebra (P,e,{,})

e cCommutative associative,

{, } anti-commutative satisfying the Jacobi identity,
distributive law:

{x,yez} ={x,ylez+ye{x, z}.

Polarization. Depolarization

polarization : decompose any multiplication

VRV -V
into the sum of a commutative multiplication e and an anti-commutative
one [—, —]:

1 1
woy:zﬁ(az-y—l—y-x) and [z, y] :zﬁ(a:-y—y-x) for x,y € V.



Inverse process:. depolarization assembles a multiplication e with a
multiplication [—, —] into

1
x-y.=—=(xe x,yl|), for x,yeV.
y \6( y + [z, 9]) y

T heorem.

The Poisson identities are equivalent to the following Non-Associative
identity

py D) = () e - @)yt @) e - (ya) - (2oa) )
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Consegquences

1. A Poisson algebra is flexible, that is, the associator satisfies
A(z,y,z) = 0.

2. A Poisson algebra is a power associative algebra.

3. If a Poisson-admissible algebra /P has a non-zero idempotent, it admits
the Pierce decomposition

P ="PooDP1,,

where Pg o and Pq 1 are Poisson-admissible algebras with the induced
product.

4. Classification of 2 and 3-dimensional Poisson algebras.
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5. A cohomology of Poisson algebras.

6. Finite dimensional rigid Poisson algebras. A special case when the
associated Lie algebra is rigid.

7. Study of the deformations of the symmetric algebra S(g) of a rigid
Lie algebra.



3.0Operads and deformations



3.0Operads and deformations

The notion of operads appeared in algebraic topology in the '70. It gives a
sense to the notion of type of algebras. For example, there are an operad
Ass for associative algebras or Lie for Lie algebras.

Operad. A collection {P(n)}, >, of Zp-modules,
1 € P(1) unit,
o; : P(n) x P(m) - P(n+m —1).



3.0Operads and deformations

The notion of operads appeared in algebraic topology in the '70. It gives a
sense to the notion of type of algebras. For example, there are an operad
Ass for associative algebras or Lie for Lie algebras.

Operad. A collection {P(n)},>1 of £p-modules,
1 € P(1) unit,
o; : P(n) x P(lm) - P(n+m—1).

P-algebraon V. +—— f(n):P(n) @ Vvenr - v
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Operad End(V): End(V)(n) = Hom (VO™ V)
foig(xla"' axn—l—m—l) :f(mlf” 79(3327)7)

["(E) Free Operad generated by a K[Xs]-module E = K[X5]

E =K[Xo] = {z122, m221} =T (E)(2)
F(B)(3) = {(zizj)zp, mi(xjap), {i, 4, k} = {1,2,3}}.
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Binary quadratic Operad. P=T(FE)/(R)
E a K[Xs]-module
RCT(E)(3)
(R) operadic ideal.

Dual Operad. P' =T (EVY)/(R1)
EV = Sgn, ® E!
<, > TMN(EVYR)IMNE)(3) —K
RL c M(EY)(3) annihilator of R c T(E)(3).

Examples.

Ass = r(,u)/(RAss)
R pss = Span{po1 p— poo p}.

Lie =T (Sgn2)/(Rzie)
Rp;. < Jacobi.
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Koszul Operad. P is Koszul if H (Fp(V)) =0, i > 0.

Generating function (binary quadratic operad).

(1) = i1 SN

Theorem. [G.K] P is Koszul < gp(—gpi(—t)) =t
& P!is Koszul

Standard Cohomology. H5(A, A)st with A = (V,u) a P-algebra

1 S5 o 0% 3 53
CP(A7 A)St — C’P(Aa A)St — C’P(Aa A)St —

CPH(A, A)s := Hom(P'(p) @5, VEP,V),p > 1

¥« A and P’



Deformation Cohomology. H5(A, A)gero With A = (V, 1) a P-algebra



Deformation Cohomology. H5(A, A)gero With A = (V, 1) a P-algebra

The deformation cohomology governs deformations of 7P-algebras:
H%(A,A)defo parametrizes isomorphism classes of infinitesimal

deformations.
H%(A, A)defo contains obstructions to extensions of partial deformations.



Deformation Cohomology. H5(A, A)gero With A = (V, 1) a P-algebra

The deformation cohomology governs deformations of 7P-algebras:
H%(A,A)defo parametrizes isomorphism classes of infinitesimal

deformations.
H%(A, A)defo contains obstructions to extensions of partial deformations.

5c1le fo 5gﬁ’f 0 536f ©
C%(AaA)defo — C%(AaA)defo — 0733(147A)def0 —



Deformation Cohomology. H5(A, A)gero With A = (V, 1) a P-algebra

The deformation cohomology governs deformations of 7P-algebras:
H%(A,A)defo parametrizes isomorphism classes of infinitesimal

deformations.
H%(A, A)defo contains obstructions to extensions of partial deformations.

5c1le fo 5gﬁ’f 0 536f ©
C%(AaA)defo — C%(AaA)defo — 0733(147A)def0 —

C71>(A7A)defo = Hom(V,V)
C%(Aa A)defo = Hom(@QZQEp—Q(Q) ®Zp V@C], V)7p > 2



Deformation Cohomology. H5(A, A)gero With A = (V, 1) a P-algebra

The deformation cohomology governs deformations of 7P-algebras:
H%(A,A)defo parametrizes isomorphism classes of infinitesimal

deformations.
H%(A, A)defo contains obstructions to extensions of partial deformations.

5c1le fo 5gﬁ’f 0 536f ©
C%(AaA)defo — C%(AaA)defo — 0733(147A)def0 —

C71>(A7A)defo = Hom(V,V)
C%(Aa A)defo = Hom(@QZQEp—Q(Q) ®Zp V@C], V)7p > 2

defo < A and (r(E),0) minimal model of P.



Deformation Cohomology. H5(A, A)gero With A = (V, 1) a P-algebra

The deformation cohomology governs deformations of 7P-algebras:
H%(A,A)defo parametrizes isomorphism classes of infinitesimal
deformations.

H%(A, A)gefo CONtains obstructions to extensions of partial deformations.

3
5defo

5§efo
CP(A A)defo —

1
5defo

C71)(A7A)def0 CP(A A)defo

0713("47 A)defo L= Hom(V, V)
CP(A, A gefo = Hom(Bg>2Ep_2(q) ®x, VI, V),p > 2
defo < A and (r(E),0) minimal model of P.

Theorem.[M] If P is quadratic Koszul, then
standard cohomology = deformation cohomology



Deformation Cohomology. H5(A, A)gero With A = (V, 1) a P-algebra

The deformation cohomology governs deformations of 7P-algebras:
H%(A,A)defo parametrizes isomorphism classes of infinitesimal
deformations.

H%(A, A)gefo CONtains obstructions to extensions of partial deformations.

3
5defo

5§efo
CP(A A)defo —

1
5defo

C71)(A7A)def0 CP(A A)defo

0713("47 A)defo L= Hom(V, V)
CP(A, A gefo = Hom(Bg>2Ep_2(q) ®x, VI, V),p > 2
defo < A and (r(E),0) minimal model of P.

Theorem.[M] If P is quadratic Koszul, then
standard cohomology = deformation cohomology



For associative algebras:
standard cohomology = deformation cohomo. = Hochschild cohomo.

For associative commutative algebras:

standard cohomology = deformation cohomo. Harrison cohomo.

For Lie algebras:
standard cohomology = deformation cohomo. = Chevalley-Eilenberg
cohomo.



4.Operads and deformations of some binary Non-
associative algebras in the Non-Koszul case

e Anti-associative algebras. (ab)c = —a(bc)

Operad Ass =T (u)/(po1 p~+ poo )
Ass = Ass
9.0 =t+ t2 4+ +3 do not satisfy the functional equation

— Ass is not Koszul.



Standard Cohomolgy of an ]Cs/s—algebra. Hiv (A, A)st

SS

51 52 53
Cl_v (A7 A)St = Cgv (A7 A)St = Cg’v (A7 A>St — 0
Ass Ass Ass

C’%\/ (A, A) gt := Hom(V®P V), p=1,2,3
SS
C]ZV (A7 A)St .= O7p Z 4

Ass

55()(a,b) 1= ap(b) — p(ab) + p(a)b,
52.(f)(a,b,¢) == af(b,c) + fab,e) + f(a,be) + f(a,b)e,

10



Deformation Cohomolgy of an Ass-algebra. H* (A, A)ge o

The deformation cohomology governs deformations of A;s—algebras:
HJ%?S(A,A)defO parametrizes isomorphism classes of infinitesimal
deformations.

H%VSS(A, A)ge o CONtains obstructions to extensions of partial deformations.

55@00 (%ef 0 53@f o
C}A\SQ/S(A’ A)defo CN (A A)defo C%S(A, A)defo —3 e e

Cct_ (A, A)defo — Hom(V®p, V), p=12,3
SS
C%S(A7 A)defo —
Hom(VE VYO Hom (VO VYD Hom(VE> VYD Hom(VE2 V),
5§€f0 =46, p=1,2
030 10(9) = 83(9) = (67(9),63(9), 63(9),63(9)),
where

11



5{’(9)(&, b,c,d,e) .= ag(b,c,de) — g(a,b,c(de)) + (ab)g(c,d,e) — g(ab, cd, e)
+ g(ab,c,d)e — g((ab)e,d,e) + g(a, b, c)(de) — g(a, be, de),

5%(9)(&, b,c,d,e) .= g((ab)ec,d,e) — g(ab,c,d)e + g(a, b, cd)e — g(a, b(cd), e)
+ ag(b,cd,e) — g(a,b, (cd)e) + (ab)g(c,d,e) — g(ab, c,de),

5%(9)(0'7 b7 C, da 8) = g(aa bC, d@) o ag(bc, d7 6) _I_ g(a'a (bC)d, 6) o a’(g(ba C, d)e)
+ g(a, b,cd)e — g(ab, c,d)e + (g(a,b,c)d)e — g(a(bc),d,e), and

52(9)(&, b,c,d,e) .= g(ab,cd,e) — g(a,b, (cd)e) + ag(b, cd,e) — g(a,blcd), e)
+ (ag(b,c,d))e — g(a,be,d)e + (g(a,b,c)d)e — g(ab, c,d)e,



o Left-Alternative algebras.
The operad Alt; for Left-alternative algebras is non-Koszul.

Standard Cohomology of an Alt;-algebra.

oL 52
CH(A, A)st ~L CE(A, A)gy —L CR(A, A)st = 0.

The coboundary operators are given by

61 f(a,b) f(a)b+ af(b) — f(ab),
520(a, b, ¢) w(ab,c) + p(ba,c) — o(a,bc) — p(b, ac)

o(a,b)c+ p(b,a)c — ap(b,c) — by(a,c).

12



Deformation Cohomology of an Alt;-algebra. HjUtl(A,A)defO

o6t 52 53
Ch(A, A)gefo = CH(A, Adego — CH(A, A)defo — CH(A, Adego — -+
with
C713(Aa A)defo — Hom(V®1> V),
C5(A, A)gefo = Hom(VE2, V),
C3(A, A)gefo = Hom(VE3, V),
C%(A, Addefo = Hom(VE V)Y@ --- @ Hom(VE2 V),

In particular, any 4-cochains consists of 5-linear maps.

13
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products of tensors.
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4. n-ary algebras
1. Why to study n-ary algebras.

e A, B,C (n xp) matrices, A!BC is a (n x p) matrix.
products of tensors.

e n-ary Lie algebras or n-Lie algebras (Filipov):
anticommutative bracket: [v,(1) ® -+ ® vy(p)] = (0)[v1 @ -+ @ vn],

Jacobi identity

[[u17"' ,un],’l)]_,°°° ,’Un_]_] — [[ulavla"' ,’Un_]_],’UQ,--- 7un]
+[u17 [UQ,’U]_,“' 7”77,—1]7“37'" 7un]
_I__'_[ul? 7[un7U17"' 7Un—1]]'
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e sh-n-Lie algebras or Lie n-algebras (Hanlon - Wachs)

> EDlpy s To)] To(nt1) 5 To(en-1)] =0,
ccSh(n,n—1)

Sh(n,n—1)={oc € Xy, 1,0(1)<---<on),c(n+1)<---<o(@n—1)}.

An n-Lie algebra is an sh-n-Lie algebra.
An sh-n-Lie algebra is an n-Lie algebra if any adjoint operator is a
derivation.
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2. Associative n-ary algebras.

Totally associative algebras satisfy
L (]1®7l—1 R p R ]1®n—i) = pu (]1®j—1 R uR n@n—j),
l.e po; = po,pu.

For n = 3 : (v1vov3)vavs = v1(vov3v4)vs5 = v1vo(V3V4V5).
Partially associative algebras satisfy
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2. Associative n-ary algebras.

Totally associative algebras satisfy
L (]1®7l—1 R p R ]1®n—i) = pu (]1®j—1 R uR n@n—j),
l.e po; = po,pu.
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2. Associative n-ary algebras.

Totally associative algebras satisfy
m <]1®z—1 R p® ]1®n—z) = pu (]]_(X)J—l R u® ]1®n—])’
l.e po;u=poj;pu.

For n = 3 : (v1vov3)vavs = v1(vov3v4)v5 = v1v2(vV3V405).

Partially associative algebras satisfy
2?21(_1)(i+1)(n_1)/$ (]1®i—1 R p R n@n—i) —0
e Y (—D)EFD0e-1)0, 4 =0.

For n = 3 : (vivov3)vavs + v1(vov3va)vs + v1vo(v3V405) = O.

Other generalizations of associativity for n-ary algebras are o-totally and
o-partially associative algebras adapted to the products of tensors and
hypercubic matrices.



3. Free 3-ary partially associative algebra L(V).
L(V) = @zl TH(V)

LY(v)y=v

L3(V)=Vv®3
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3. Free 3-ary partially associative algebra L(V).
L(V) = @zl TH(V)

LY(v)y=v

L3(V)=Vv®3

L2 TH(V) = F2PH1(V)/Ropq1 (V)

with F(V) = @,>0F?PT1(V) free algebra corresponding to a 3-product.
L>(V) =2V®°

F>(V) = Span {(v1v2v3)vavs, v1 (vov3v4)Us, v1v2(V3V405) }

Rs(V') = Span {(v1v2v3)v4vs + v1(v2v3v4)v5 + v1v2(v3V4v5)}
— Span {(123)45 + 1(234)5 + 12(345)}



For 7 : 8 (independent) relations on 12 vectors.
((123)45)67 + (123)(456)7 + (123)4(567)
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(123)45 := {1} (position of left parenthesis)
1(234)5 := {2}

12(345) := {3}
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For 7 : 8 (independent) relations on 12 vectors.
((123)45)67 + (123)(456)7 + (123)4(567)

For 9 : 80 relations on 55 vectors. - ..

= Coding

(123)45 := {1} (position of left parenthesis)
1(234)5 := {2}

12(345) := {3}

((123)45)67 = {11}

(123)45 4 1(234)5+ 12(345) =142+ 3
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114+12+13
22423424
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33+34+35
11+14+15
12422425
13+23+4-33
14+24+4-34
15+25+35

We can also consider a representation by trees: The vectors
{3},{1} = s({3}), {2} are represented by

N O/

We observe that



s(1+2+3)=1+4+2+3



s(1+2+3)=1+4+2+3

s(relation) = relation
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s(14+243)=142+3
s(relation) = relation
In L?(V):111=0=114=115= ...

dimL3(V) =m3, dimL>(V)=2m>,  dimL (V) =4m’,
dim L?(V) = 5m?, dim L11(V) =6émll, dimL13(V) = 7mli3.
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s(14+243)=142+3
s(relation) = relation
In L?(V):111=0=114=115= ...

dimL3(V) =m3, dimL>(V)=2m>,  dimL (V) =4m’,
dim L?(V) = 5m?, dim L1 (V) =6m!l, dimL13(V) = 7ml3

if dimV = m.

s(t) =t + 3+ 215+ 447 + 519 + 6111 4 7113 .

pAssg



s(1+24+3)=1424+3

s(relation) = relation
In L?(V):111=0=114=115= ...

dimL3(V) =m3, dimL>(V)=2m>  dimL" (V) =4m’,
dim L2(V) = 5m?, dim L1 (V) = 6m!l, dimL13(V) = 7ml3

if dimV = m.

3(t) =t + 3+ 2t5 + 47 4+ 59 + 6111 4 7413 4.

pAss

t is not the generating

The function h satisfying gpA883(—h(—t))
0
function of an operad (i.e h # gp) = pAssg is non Koszul.



3. Dual operad for n-ary algebras.
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n-ary quadratic Operad. P =T (FE)/(R)
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n-ary quadratic Operad. P =T (FE)/(R)
FE a K[X,]-module
RCTI(E)(2n—-1)
(R) operadic ideal

Dual Operad. P' =T (EY)/(R1)
EY = Sgnp ® T”_QEjj
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3. Dual operad for n-ary algebras.

n-ary quadratic Operad. P =T (FE)/(R)
FE a K[X,]-module
RCIN(E)(2n—-1)
(R) operadic ideal

Dual Operad. P' =T (EVY)/(R1)
EY = Sgnp ® T”_QEjj
<, >T(EVYCn-1)eMN(E)(2n-1) =K
RL c M(EY)(2n — 1) annihilator of R C IM(E)(2n — 1)

Generating function. gp(t) = > ,,>1 X(%}"))tm
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of degree 1.



3. Dual operad for n-ary algebras.

n-ary quadratic Operad. P =T (FE)/(R)
E a K[X,]-module
RCT(E)(2n—1)
(R) operadic ideal

Dual Operad. P' =T (EY)/(R1)
EY = Sgnp ® TT‘_QEjj
<, > MN(EVYCr-1)MN(E)2n-1) - K
RL c M(EY)(2n — 1) annihilator of R M(E)(2n — 1)

Generating function. gp(t) = > ,,>1 X(Png”))t’m

(pAss3)' = tAss13 operad for totally associative algebras with operation
of degree 1.



Definition

Operad for totally associative n-ary algebras with operation in degree d

tAssly =T (u)/(R)

with © an arity n generator of degree d and

R:=Span{,uoz-,u—,uoj,u, for z’,j:1,...,n}.

Operad for partially associative n-ary algebras with operation in degree d.

pAssli =T (u)/ < Z (_1)(13—|-1)(n—1)lu o M>
1=1

with © a generator of degree d and arity n.



Proposition For each n > 2 and d,

(tAssg)! = pAss” 54 o,

(p.Assg)! = tAss™ ;4 o,

Koszulity:
tAss!; | n even | n odd
d even yes yes
d odd no no

pAssl | n even | n odd
d even yes no
d odd no yes
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We define tAss? :=stAssT_ ., and pAssT :=s lpAssT ..

t Assh-algebras satisfy:

(1) Do = (=1)I Do .

pAssi-algebras satisfy:

n
> moju=0.
1=1

(tAss?)' = pAss™ . o and (pAssh)' =tAss" 5

19



Koszulity:

tAss? |n even | n odd
d even no yes
d odd yes no

pAss” | n even | n odd
d even no gl
d odd yes yes

20



